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1 Introduction

The flicker problem is well documented with refer-
ence to incandescent lamps. The international standards
(e.g. IEC60868) are based on this kind of lamp. How-
ever, fluorescent lamps are widely used and the flicker
problem related to them is very important. Moreover, the
physical mechanism of electrical energy conversion into
light differs drastically between the two types of lamps.
The fluorescent lamp is a discharge lamp that has a non-
liner behaviour, and the incandescent lamp has a linear
behaviour. The first one needs an arc inside the tube, the
second one uses the Joule-heating process.

This paper is intended to cover the steady-state study
of fluorescent lamps. Therefore a set of numerical and
analytical simulation models is presented. The models
have different degrees of complexity and accuracy.

First, the Complete Model [1] is presented. In this
model, the most important non-linearities of the fluores-
cent lamp are represented. These are, the saturation and
hysteresis effect on the reactance, and the arc phenome-
non inside the tube. An iterative method is needed to an-
alyse this approximation, then simpler models are pro-
posed in order to get an easy method to analyse the flu-
orescent lamp through analytical expressions.

Approximate Model I is intended to be a simpler op-
tion. This simplification is achieved supposing the reac-
tance to be linear. So, the saturation effect and the hys-
teresis effect are not taken into account in this model.
Then analytical expressions have been achieved and the
study is made quickly and easily.

A deeper simplification is made about the last
model. The wave shape of the tube is supposed to be
square and the resistance of the reactance is neglected.
In this way the Approximate Model II is shown.

Finally, a last model is presented, the Approximate
Model III [6]. This model comes from a simplification

on the dynamic behaviour of the Approximate Model II,
the RMS variations on the source voltage are treated as
a static phenomenon. In this way the simplest expres-
sions are reached.

All the above models are studied under two situa-
tions: the voltage source being a sinusoidal source and a
modulated source. These situations help the study of the
normal steady-state behaviour, i. e. harmonic analysis,
and the flicker phenomenon. Special attention is paid to
the current and power in the tube because they are close-
ly related to the flicker and harmonic study.

The results for each Approximate Model are com-
pared with the Complete Model in order to get a valida-
tion method. The loss of accuracy is the price for the sim-
plicity, thus the Approximate Model III is expected to be
the simplest and most inaccurate model.

2 Fluorescent Lamp Circuit

The main lamp elements are shown in the Fig. 1.
These are: reactance, tube and starter.

This circuit has a strongly non-linear behaviour dur-
ing the steady state, as shown see in Fig. 2. The arc in-
side the tube is the main cause of the distorted voltage
shape. Thus the tube is the most important non-linearity
in the circuit.
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Fig. 1.Fluorescent lamp equivalent circuit
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The hysteresis and the saturation in the iron core re-
actance are the other non-linearities taken into account
for the fluorescent lamp study.

The starter is open during normal tube operation, so
it has not been modelled.

In the following models all the parameters are ob-
tained from the measurements on a typical 36-W tube
(see Fig. 2).

3 Complete Model

In this part, the steps to get a simulation method for
the fluorescent lamp are depicted [1].

Firstly, a description and modelling of the different
elements are made. The study of reactance and tube have
been emphasised, because these are the main non-linear
elements.

The present non-linearities prevent a direct solution
for a given voltage supply. Instead, an iterative ap-
proach is required for accurate derivation of currents
and voltages in the lamp circuit. The power in the tube
is the main result from the iterative analysis. The study
of the flicker is based on this power, and this is the rea-
son for its importance.

3.1 Model Description

In this section the tube and reactance model are de-
picted, because they are the main non-linearities of the
lamp circuit.

As is shown in Fig. 3, the tube model is derived from
a straight lines approximation of its voltage-current
characteristic. In this way, an easy model for computer
implementation is obtained.

The reactance is the following non-linear element
for the modelling. The model must cover the coil resis-
tance and the saturation and hysteresis effects in the
iron core. A series resistance is used to model the coil
resistance (Fig. 4). The saturation effect is modelled by
a non-linear inductance, and it has the following equa-
tion [2]:

(1)

where φ(t) is the flux in the iron core, i (t) is the current
across the inductance, and k1, k2 are constants.

Finally, a resistance in parallel with the non-linear
inductance represents the hysteresis. Its value can be cal-
culated from the equation [3]:

(2)

where φmax is the maximum flux, ω1 is the fundamental
frequency of the source and di is one half of the hyster-
esis width at φ = 0 (see Fig. 5). As a result, the model of
the reactance is obtained.
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Fig. 2.Voltage and current waveforms
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3.2 Iterative Harmonic Analysis

Once the lamp has been modelled an iterative algo-
rithm is used to derive the steady-state voltage and cur-
rent wave shapes in the circuit. The algorithm called It-
erative Harmonic Analysis [4] is illustrated in Fig. 6.

The Iterative Harmonic Analysis involves a hybrid
technique which formulates the non-linear elements in
the time domain (saturation and tube response), and the
linear system in the frequency domain. The common
current is used as the interface between the two systems
in each iteration. Operations in the time domain and in
the frequency domain are matched in order to obtain the
steady-state response of the lamp circuit.

The current, instead of the voltage, has been chosen
as an interface to improve the Iterative Harmonic Anal-
ysis rate of convergence. Since the tube voltage has a
shape which is too distorted to be achieved with a itera-
tive algorithm.

3.3 Power in the Tube

Any voltage or current can be calculated via Itera-
tive Harmonic Analysis. However, the current and volt-
age in the tube are particularly interesting in order to ob-
tain the electric power.

When there is a flicker phenomenon, this is closely
connected with the electric power in the tube. Moreover,
the human eye can detect oscillations between 0 Hz and
35 Hz, as an approximation of a Butterworth filter [5]
with a cut frequency of 35 Hz. So the power variations
between 0 Hz and 35 Hz are related to luminous flux
variations that the eye can detect.

Therefore, the power p(t) related to the visible lumi-
nous flux variations is calculated by filtering the instan-
taneous power pi (t) in the tube. The filter is an ideal low-
pass one with a cut-off frequency of 35 Hz.

The power P(t) could be weighted according to the
flickermeter curve. However, the main purpose of this

paper is to achieve models with ability to represent
power fluctuations. So, the application of the mentioned
curve is out of the scope of the paper.

4 Approximate Model I

With the Complete Model, the numeric calculation
of the power in the tube can now be obtained. However,
some simplifications on the model are needed to achieve
an analytical power calculation. In the Approximate
Model I two simplifications are made:

– The reactance is supposed to be linear. Thus, its
model is an R-Lcombination, neglecting the hyster-
esis and saturation effects.

– The voltage wave shape of the tube is supposed to be
constant. This simplification is more realistic when
the source has small fluctuations. It must not be for-
gotten to take into account that in the tube, the phase
shift between the current and voltage is equal to zero
(see Fig. 2).

The equivalent lamp circuit with the above simplifi-
cations is shown in the Fig. 7. The circuit behaviour fol-
lows the differential equation:

(3)

where e(t) is the source voltage. One condition for the
equation solution is the zero value for the phase shift
between i (t) and u(t).

If the phase reference is the current or voltage in the
tube, the harmonic spectrum of u(t) is constant. How-
ever, the usual phase reference is the voltage source, so
the harmonic factoring is:

(4)

where ω1 is the fundamental frequency of the source, Un

and φnare constant values because of the above simplifi-
cations and γ is the phase shift between the source volt-
age e(t) and voltage in the tube u(t) (or the current across
the tube i (t)).

As is shown in eq. (4), the voltage u(t) only depends
on the phase shift γ.

4.1 Sinusoidal Voltage Source

The usual and simplest situation in which to study
the fluorescent lamp behaviour is when the voltage
source is pure sinusoidal, thus:

(5)

where U is the RMS source voltage.
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Fig. 6.Simulation flow diagram
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The frequency domain is more appropriate in order
to study the steady-state behaviour. So, eq. (5) gives:

(6)

where E(ω) and U (ω) are the Fourier transforms of e(t)
(see eq. (5)) and u(t) (see eq. (4)), and R-L are the val-
ues for the reactance simplification.

The solution of eq. (6) gives an expression for the
current:

(7)

where Zc(ω) and θc(ω) represent the module and phase
shift of the L-R impedance. Their expressions are:

(8)

At this moment, the parameter γ can be obtained
and, in this way, the voltage e(t) of eq. (4) and current
i (t) of eq. (7) are completely known. For this purpose the
zero shift condition is used:

(9)

Substitution of eq. (9) in eq. (7) results in:

(10)

The procedure shown in Section 3.3 is used in order
to get the power in the tube:

(11)

4.2 Modulated Voltage Source

In order to study the flicker phenomenon in the flu-
orescent lamp, we assume that the supply voltage is
modulated by sinusoidal voltage of a lower frequency:

(12)

where Ω is the modulation frequency (Ω ≤ ω0/2) and a
is the modulation factor (0 < a < 0.2).

Proceeding as in the previous section the following
expression for the current is achieved:

(13)

At this point, the use of the condition i (γ /ω1) = 0
results in:

(14)

The above non-linear equation must be solved by an
iterative method. The well-known Newton-Raphson
method is chosen, which means that, before calculation,
the following conditions are needed:

– The derivative , for which the equation is:

(15)

– An initial guess for γ. This value is calculated from
eq. (14), supposing a= 0 and the a Newton-Raphson
algorithm is applied.

The power in the tube is:

(16a)

(16b)

ETEP Vol. 11, No. 2, March/April 2001122

ETEP

I
E U

R L
( )

( ) ( )
,ω ω ω

ω
= −

+ j

i t
U

Z
t

U

Z n
n t n nn

n
n

( )
( )

cos ( )

( )
cos ( ) ,

= − −( )

+ − + −( )
=

∞

∑

2

1
1 1

1
1 1

1

c
c

c
c

ω
ω θ ω

ω
ω θ ω θ γ

Z R L

L

R

c

c

( ) ( ) ,

( ) tan .–

ω ω

θ ω ω

= +

= − + 





2 2

1

2

π

i
γ
ω1

0






= .

γ θ ω

ω
ω

θ θ ω

=

+ −( )









=

∞

∑

c

c

c
c

( )

cos
( )

( )
cos ( ) .–

1

1 1

1
1

1 2

U

U

Z

Z n
nn

n
n

P
U

Z

U U

0
1

1

1 1 1 1

2

2
=

⋅ − −( ) + ( )[ ]
c

c c

( )

sin ( ) sin ( ) .

ω

γ θ θ ω θ ω

e t U
a a

t t( ) cos( ) sin ( ),= − +



2 1

2 2 1Ω ω

i t
U a

Z
t

a U t

Z

a U t

Z

U

Z n
n t nn

n

( )
( )

cos ( )

cos ( ) ( )

( )

cos ( – ) ( – )

( – )

( )
cos

=
− −( ) −( )

−
+ − +( )

+

−
−( )

+ + −

2 1 2

2

4

2

4

1
1 1

1 1

1

1 1

1

1
1

c
c

c

c

c

c

c

ω
ω θ ω

ω θ ω
ω

ω θ ω
ω

ω
ω θ

Ω Ω
Ω

Ω Ω
Ω

γγ θ ω− ( )( )
=

∞

∑ c n
n

1
1

.

f i

U a

Z

a U

Z

a U

Z

U

Z n

c

n

( ) ( )

( )
cos ( )

cos ( )

( )

cos

( – )

(

γ γ ω

ω
γ θ ω

ω
ω

γ θ ω

ω

ω
ω

γ θ ω

ω

=

=
− −( ) −( )

−

+ − +






+

−

− − −( )





+

1

1
1

1

1
1

0

0

2 1 2

2

4

2

4

c
c

c

c

1

1
c 1

c

Ω Ω

Ω

Ω Ω

Ω

ωω
θ θ ω

1
1

1

0
)

cos ( ) .n
n

n−( ) =
=

∞

∑ c

′ =

=
−( ) −( )

+
+

+

⋅ + − +






+
−

−

⋅ − − −

f
f

U a

Z

a U

Z

a U

Z

c

( )
( )

( )
sin ( )

( )

cos ( )

( )

cos (

γ γ
γ

ω
γ θ ω

ω
ω

ω

ω
ω

γ θ ω

ω
ω

ω

ω
ω

γ θ ω

d

d

c
c

c

c

c

2 1 2

2

4

2

4

1
1

1

1

1

1

1
1

1

1

1

1

1
1

Ω
Ω

Ω Ω

Ω
Ω

Ω ΩΩ) .






p t P P t( ) ( ),= +0 Ω

P
U

Z
U a

U

c0
1

1
1 1

1 1

2

2
1 2= −( ) − −( )[

+ ( )]
c

c

( )
sin ( )

sin ( ) ,

ω
γ θ θ ω

θ ω



(16c)

where P0 is the mean power, and PΩ(t) is the alternating
component.
The fluctuations that the eye can see are represented by
PΩ(t), whose fundamental frequency is simply Ω and
whose amplitude is PΩ.

5 Approximate Model II

In order to obtain simpler analytic power and current
expressions, more simplifications have been be made on
the previous model. In this model the voltage of the tube
is supposed to be a square wave. This wave has a zero
phase shift with regard to the current, as is shown in
Fig. 8. The coil resistance is neglected in order to
achieve a higher degree of simplification.

The square voltage in the tube is:

(17)

where Ua is the maintenance voltage of the arc inside the
tube (see Fig. 2).

The above expression comes from Fourier factoring
of a square wave whose extreme values are Ua and -Ua.
The resulting wave forms after the new simplifications
are shown in Fig. 9.

5.1 Sinusoidal Voltage Source

If the source voltage expression is eq. (5), an expres-
sion for the current is reached with similar steps to those
in previous sections:

(18)

The phase shift between i (t) (or u(t)) and e(t) is:

(19)

So, the power is:

(20)

5.2 Modulated Voltage Source

When the source voltage has the expression shown
in eq. (12), then the current is:

(21)

The Newton-Raphson algorithm is used again in
order to obtain the phase shift γ. The following expres-
sions are used:

(22)

(23)

So the power in the tube is:

(24a)

(24b)
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Fig. 8.Approximate Model II and Approximate Model III
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(24c)
where P0 is the mean power in the tube and PΩ(t) is the
alternating power in the tube.

6 Approximate Model III

Another simplification level is when the modulation
frequency is very low (Ω << 0). Then the voltage fluctu-
ations can be considered as a static phenomenon. This
simplification is referred to as Approximate Model III
[6].

6.1 Sinusoidal Voltage Source

With the source as sinusoidal the results are the same
as those shown in eq. (20) for Approximate Model II.

6.2 Modulated Voltage Source

When a modulated voltage source is applied to this
model, the power can be obtained by simply substituting
eq. (12) in eq. (20) which results in:

(25)

6.3 Simulation

The simplicity of the Approximate Model III allows
an easy way to get a simulation equivalent. This equiv-
alent is depicted in Fig. 8.

7 Results

All the models have been simulated under several
modulation frequencies Ω = 3.125 Hz, 6.25 Hz, 12.5 Hz
25.0 Hz, and modulation factors a= 0.00 p.u., 0.05 p.u.,
0.10 p.u., 0.15 p.u., 0.20 p.u. In the following figures
the results from these simulations are represented.

8 Conclusions

The results from measurements (Measured Power)
on a typical 36-W tube under the same conditions as the
simulation models are included (Fig. 10and Fig. 11).

The analysis of the simulation results presented in
the above-mentioned figures leads to the following con-
clusions:

– As can be shown in Fig. 10, the mean power (P0) is
the most important power component. The second
one is the component PΩ(t) whose oscillation fre-
quency is Ω. Different terms of frequency are present
only in the Complete Model and in the Measured
Power, but they can be neglected.
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Fig. 10.Power with the different models 
(Ω = 12.5 Hz; a = 0.2)
a) Time-domain power
b) Frequency-domain power (0 Hz … 35 Hz)
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a) Time-domain power
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Fig. 12.Mean and alternating power with the Complete Model
a) Time-domain power
b) Frequency-domain power (0 Hz … 35 Hz)
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Fig. 13.Mean and alternating power with Approximation I
a) Time-domain power
b) Frequency-domain power (0 Hz … 35 Hz)
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Fig. 14.Mean and alternating power with Approximation II
a) Time-domain power
b) Frequency-domain power (0 Hz … 35 Hz)

W

17.0

16.0

15.0

16.5

15.5

14.5

17.5

18.0

17
.9

8 
W

17
.9

8 
W

17
.9

8 
W

17
.5

3 
W

17
.5

4 
W

17
.5

8 
W

17
.0

8 
W

17
.1

0 
W

17
.1

8 
W

16
.6

4 
W

16
.6

6 
W

16
.7

8 
W

16
.1

9W
16

,2
2 

W
16

.3
7 

W

P0

a)

W

4.5

3.5

2.5

0.5

6.5

1.
21

4 
W

2.
74

3 
W 3.

65
7 

W
3.

85
5 

W

P Ω, p

fMod =   6.25 Hz
fMod = 12.50 Hz
fMod = 25.00 Hz

5.5

1.5

2.
88

9 
W 3.
65

7 
W

1.
82

8 
W

0.05 0.1 0.15 0.2
α

b)

p.u.

0.05 0.1 0.15 0.2
α

p.u.0

18.5

0.
91

4 
W

0.
96

2 
W

4.
88

6 
W

2.
43

3 
W

fMod =   6.25 Hz
fMod = 12.50 Hz
fMod = 25.00 Hz

1.
92

5 
W

Fig. 15.Mean and alternating power with Approximation III
a) Time-domain power
b) Frequency-domain power (0 Hz … 35 Hz)
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– In the simulation models, the mean power P0 and the
alternating power amplitude PΩ have linear depen-
dence on the modulation factor a (see Fig. 12,
Fig. 13, Fig. 14and Fig. 15). If the modulation fre-
quency Ω is constant then the mean power and the
alternating power amplitude are:

(26)

where P0|a= 0 is the mean power (with a= 0), P0 is the
mean power and PΩ, p is the alternating power ampli-
tude. The coefficients α (Ω ), β (Ω ) are calculated via
the Least-Square Method, and the results are shown
in Tab. 1. This linear behaviour in not so clear in the
Measured Power (Fig. 11).

– The mean power P0 decreases with the modulation fac-
tor and increases with the modulation frequency. Where-
as the alternating power amplitude increases with the
modulation factor and with the modulation frequency.

– When low values of modulation factor and modula-
tion frequency are used, the lowest differences
between the Approximate models and Complete
Model are achieved. However, in all simulations the
Complete Model has had the lowest error with rela-
tion to the Measured Power.

– The difference between the models and the measure-
ments are not negligible because of the dependence
on the frequency and amplitude of characteristic of
the tube (see Fig. 3).

– In summary

– The lamp behaviour under voltage fluctuations
cannot be derived from the steady state with sinu-
soidal voltage.

– High errors are obtained using the different mod-
els, however, the complete model is the nearest to
the tube behaviour.

9 List of Symbols

9.1 Symbols

t time
ω frequency
F(ω) Fourier transform of f (t)

K modulation factor
Ω modulation frequency
u, U voltage in the tube
Ua maintenance voltage of the arc inside the tube
e, E source voltage
i, I current across the tube
p, P power composed by frequency components

between 0 Hz and 35 Hz of the instantane-
ous power pi (t)

pi power before filtering
φ flux in the iron core of the reactance
γ phase shift between the source voltage eand

the voltage in the tube u
f(γ) current across the tube when t = γ/ω0

Zc, θc module and phase of the reactance impedance
di one half of the hysteresis when φ(t) = 0
k1, k2 saturation curve constants
X reactance
R coil resistance of the reactance
Rh resistance that represents the hysteresis in

the reactance
L inductance for the reactance
n harmonic order

9.2 Subscripts

0 mean power
1 fundamental component
n n-th harmonic
s with saturation
Ω alternating power
k k-th iteration in the Newton-Raphson algo-

rithm
max maximum
p peak value or amplitude

9.3 Abbreviations

IEC International Electrotechnical Commission
RMS root mean square
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Mean power α (Ω) Approximation error

Complete –12.2397 0.2028%
Approximation I –7.9597 0.0179%
Approximation II –8.0175 0.0194%
Approximation III –9.8069 0.0099%

Alternating power β (Ω) Approximation error

Complete 30.0579 2.5150%
Approximation I 24.7630 0.1654%
Approximation II 24.3783 0.1666%
Approximation III 19.6559 0.2424%

Ω = 12.5 Hz and a = 0.2 p.u.

Tab. 1.Approximation by the Least-Square Method of the
Mean and Alternating Power Coefficients α (Ω ) and β (Ω )

P P a P a
a0 0 0

= + == α β( ) , ( ) ,,Ω ΩΩ p
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